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Abstract. In the present work we analyze all the possible spherically symmetric
exterior vacuum solutions allowed by the Einstein-Aether (EA) theory with static
aether. We show that there are four classes of solutions corresponding to different
values of a combination of the free parameters, c14 = c1 + c4, which are: 0 < c14 < 2,
c14 < 0, c14 = 2 and c14 = 0. We present explicit analytical solutions for
c14 = 3/2, 16/9, 48/25,−16, 2 and 0. The first case has some pathological behavior,
while the rest have all singularities at r = 0 and are asymptotically flat spacetimes. For
the solutions c14 = 16/9, 48/25 and − 16 we show that there exist no horizons, neither
Killing nor universal horizon, thus we have naked singularities. Finally, the solution
for c14 = 2 has a metric component as an arbitrary function of radial coordinate, when
it is chosen to be the same as in the Schwarzschild case, we have a physical singularity
at finite radius, besides the one at r = 0. This characteristic is completely different
from General Relativity.
1. Introduction
The Lorentz invariance is an exact symmetry of special relativity, quantum field theories
and the standard model of particle physics, and also a local symmetry in freely falling
inertial frames in General Relativity [1]. The Lorentz violation in matter interactions is
highly constrained by several precision experiments, see [2] for the latest example, while
similar studies in gravity are not as well explored. With this motivation, Jacobson and
collaborators introduced and analyzed a general class of vector-tensor theories called
the Einstein-Aether (EA) theory [3] [4] [5] [6] [7].
The first paper to investigate spherical static vacuum solutions in the EA theory was
presented by Eling and Jacobson in 2006 [8]. In that paper, the authors found a family
of analytical solutions for the metric functions, up to the inversion of a transcendental
function, assuming an aether vector proportional to the timelike Killing field. These
solutions do not depend on the parameters c2 and c3 of the EA theory but only depend
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on the combination c1+ c4, which for simplicity we denote as c14. such that c1+ c4 < 2.
For c1 + c4 > 2 the coupling constant G becomes negative, implying that the gravity is
repulsive, and for c1 + c4 = 0 this one is exactly the Newtonian gravitational constant.
The authors have shown when c1 + c4 = 0 the Schwarzschild solution can be obtained
and also explored some solutions for different choices of 0 ≤ c1 + c4 < 2. In another
paper, Eling, Jacobson and Miller [9] studied a perfect fluid, in order to model a neutron
star, and consider the vacuum solution given in the previous paper [8] for any c1+c4 < 2.
Almost the complete literature on black holes in EA theory can be found in the papers
[10]-[30].
Since this article deals with naked singularities, some introductory remarks are
in order. The Cosmic Censorship Conjecture (CCC), introduced by Penrose and
Hawking [31], does not permit singularities void of an event horizon as the end state of
gravitational collapse. Although there is no satisfactory mathematical formulation or
the proof of CCC, there are many examples of dynamical collapse models which lead to
a black hole or a naked singularity as the collapse end state, depending on the nature
of the initial data (see e.g. [31]-[38] and references therein). Naked singularities are of
current interest because they have observational properties quite different from a black
hole. Besides, theoretically these regions of extreme gravity might have some hints of
quantum gravity. If observed, they will provide exciting laboratory for the discovery of
new physics. Most up-to-date account on naked singularities can be found in [39].
The paper is organized as follows. The Section 2 briefly outlines the EA theory,
whose field equations are solved for a general spherically symmetric static metric in
Section 3. In Sections 4, 5 and 6 we present the explicit analytical solutions. We
summarize our results in Section 7.
2. Field equations in the EA theory
The general action of the EA theory is given by
S =
∫ √−g (LEinstein + Laether + Lmatter)d4x, (1)
where, the first term is the usual Einstein-Hilbert Lagrangian, defined by R, the Ricci
scalar, and GN , the Newtonian gravitational constant, as
LEinstein =
1
16πG
R. (2)
The second term, the aether Lagrangian is given by
Laether =
1
16πG
[−Kabmn∇aum∇bun + λ(gabuaub + 1)], (3)
where the tensor Kabmn is defined as
Kabmn = c1g
abgmn + c2δ
a
mδ
b
n + c3δ
a
nδ
b
m − c4uaubgmn, (4)
being the ci dimensionless coupling constants, and λ a Lagrange multiplier enforcing
the unit timelike constraint on the aether, and
δamδ
b
n = g
aαgαmg
bβgβn. (5)
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Finally, the last term, Lmatter is the matter Lagrangian, which depends on the metric
tensor and the matter field.
In the weak-field, slow-motion limit EA theory reduces to Newtonian gravity with
a value of Newton’s constant GN related to the parameter G in the action (1) by [11],
G = GN
(
1− c14
2
)
. (6)
Here, the constant c14 is defined as
c14 = c1 + c4. (7)
Note that if c14 = 0 the EA coupling constant G becomes the Newtonian coupling
constant GN , without necessarily imposing c1 = c4 = 0. For c14 > 2 the coupling
constant G becomes negative, implying that the gravity is repulsive. The coupling
constant vanishes when c14 = 2. Thus, physically interesting region is c14 ≤ 2 where the
Newtonian limit can be recovered.
The field equations are obtained by extremizing the action with respect to
independent variables of the system. The variation with respect to the Lagrange
multiplier λ imposes the condition that ua is a unit timelike vector, thus
gabu
aub = −1, (8)
while the variation of the action with respect ua, leads to [11]
∇aJab + c4aa∇bua + λub = 0, (9)
where,
Jam = K
ab
mn∇bun, (10)
and
aa = u
b∇bua. (11)
The variation of the action with respect to the metric gmn gives the dynamical equations,
GEinsteinab = T
aether
ab + 8πGT
matter
ab , (12)
where
GEinsteinab = Rab −
1
2
gabR,
T aetherab = ∇c[Jc (aub) + ucJ(ab) − J(a cub)]−
1
2
gabJ
c
d∇cud + λuaub
+ c1[∇auc∇buc −∇cua∇cub] + c4aaab,
Tmatterab =
−2√−g
δ (
√−gLmatter)
δgab
. (13)
In a more general situation, the Lagrangian of GR theory is recovered, if and only
if, the coupling constants are identically null, e.g., c1 = c2 = c3 = c4 = 0, considering
the equations (4) and (8).
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3. Spherical Solutions of EA field equations
We start with the most general spherically symmetric static metric
ds2 = −e2A(r)dt2 + e2B(r)dr2 + r2dθ2 + r2 sin2 θdφ2. (14)
In accordance with equation (8), the aether field is assumed to be unitary and timelike,
chosen as
ua = (e−A(r), 0, 0, 0). (15)
This choice is not the most general and is restricted to the scenario where aether is
static. The aether must tip in a black hole solution as it cannot be timelike be aligned
with the null Killing vector on the horizon. As that is not the case with our choice,
our solutions are valid only outside the Killing horizon. This is good enough for solar
system tests and even for astrophysical solutions to describe the exterior spacetime to
a source.
The timelike Killing vector of the metric (14) is giving by
χa = (−1, 0, 0, 0). (16)
The Killing and the universal horizon [40] [41] are obtained finding the largest root of
χaχa = 0, (17)
and
χaua = 0, (18)
respectively, where χa is the timelike Killing vector. In our case,
χaχa = −e2A(r), (19)
χaua = e
A(r). (20)
For the general spherically symmetric metric (14), we compute the different terms
in the field equations (13) below.
Gaethertt = −
e2(A−B)
2r2
[
c14(−2r2A′B′ + r2A′2 + 2r2A′′ + 4rA′)
− 4rB′ − 2e2B + 2] = 0, (21)
Gaetherrr = −
1
2r2
(
c14r
2A′2 + 4rA′ − 2e2B + 2) = 0, (22)
Gaetherθθ =
r
2e2B
(
2rA′′ − 2rA′B′ + 2A′ − 2B′ − (c14 − 2)rA′2
)
= 0, (23)
Gaetherφφ = G
aether
θθ sin
2 θ, (24)
where Gaetherµν = G
Einstein
µν − T aetherµν . In order to identify eventual singularities in the
solutions, it is useful to calculate the Kretschmann scalar invariant K. For the metric
(14), it is given by
K =
4
r4e4B
(
2B′2r2 + e4B − 2e2B + 1 + 2A′2r2 + r4A′′2 + 2r4A′′A′2
− 2r4A′′B′A′ + r4A′4 − 2r4A′3B′ + r4B′2A′2) . (25)
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Before we proceed, we simplify the field equations. Substituting the field equation
(22) into (21) we can eliminate the term e2B and find
c14 (2rA
′′ − 2rA′B′ + 4A′)− 4A′ − 4B′ = 0. (26)
We have two field equations, (23) and (26), to solve. Using these two, we can eliminate
A′′ only when c14 6= 0 and obtain the following,
(c14 − 2)
(
B′ + A′ +
1
2
rc14A
′2
)
= 0. (27)
We can obtain another equation when c14 = 0,
rA′′ + 2rA′2 + 2A′ = 0. (28)
From the equation (27) we can note that there are two possibilities: c14 = 2 and c14 6= 2.
As we mentioned previously, c14 > 2 implies that the gravity is repulsive and c14 < 0
means gravity is stronger. Thus, both mathematical and physical justifications lead us
to four possible cases of interest: (i) 0 < c14 < 2 (ii) c14 < 0 (iii) c14 = 2 (iv) c14 = 0.
Let us now analyze these four possible cases in detail.
4. Solutions for 0 < c14 < 2 and c14 < 0
The non-trivial solutions in EA theory exist for 0 < c14 < 2 which help us understand
the physical effects of aether. As we mentioned earlier, we have two field equations, (23)
and (26), to solve. We first use (26) to express B′ as
(2 + c14rA
′)B′ = c14rA
′′ + 2c14A
′ − 2A′. (29)
From this equation we can notice that if 2 + c14rA = 0, we would get A
′ = − 2
c14r
which
would not lead to any solution. Therefore, we proceed by assuming 2 + c14rA
′ 6= 0.
Substituting B′ into (23) we have also
(c14 − 2)
(
2rA′′ + 4rA′2 + 4A′ + r2c14A
′3
)
= 0. (30)
From the equations (27) and (30), we have
B′ + A′ +
1
2
rc14A
′2 = 0, (31)
and
2rA′′ + 4rA′2 + 4A′ + r2c14A
′3 = 0. (32)
Substituting B′ and A′′ from these equations into the field equations (21)-(22) we
get only an unique equation
r2c14A
′2 + 4rA′ − 2e2B + 2 = 0. (33)
Solving equation (33) for B we have
B =
1
2
ln
(
1
2
r2A′2c14 + 2A
′r + 1
)
. (34)
Now, differentiating (34) and substituting into (31) we get (32) which implies
consistency.
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4.1. Solution for c14 = 3/2
Solving the equation (32) we can obtain an analytical solution for A′ for a particular
case c14 = 3/2. Making a transformation u(r) = A
′ we can reduce the second order
differential equation in A into a first order differential equation in u, thus
2ru′ + 4ru2 + 4u+
3
2
r2u3 = 0. (35)
This equation is easily integrated giving three solutions which one is real and two are
imaginaries. The real one is given by
u = A′ = − 2
3r

1−
[
r2
(√
27β2 − r2 + 3√3β
)] 1
3
√
27β2 − r2
+
r2√
27β2 − r2
[
r2
(√
27β2 − r2 + 3√3β
)] 1
3

 , (36)
where β is an arbitrary integration constant.
With the analytical solution A′ we can get B from equation (34) giving
B = − 1
2
ln(3) +
1
2
ln
{
6
√
3βr2
(√
27β2 − r2 + 3
√
3β
)
− r4
−r2
(√
27β2 − r2 − 3
√
3β
)[
r2
(√
27β2 − r2 + 3
√
3β
)] 1
3
−2r2
(
r2
(√
27β2 − r2 + 3
√
3β
)) 2
3
]}
.
− 1
2
ln
{(
27β2 − r2) [r2 (√27β2 − r2 + 3√3β)] 23} . (37)
Since r2 < 27β2, we notice that this solution is not real in all spacetime but only in
the region near to the center, meaning that this solution can not represent the exterior
of a source. Thus, it will not be analyzed in more detail.
4.2. Solution for c14 = 16/9
Solving the equation (32) we can obtain an analytical solution for A′ for another
particular case c14 = 16/9. Making a transformation u(r) = A
′ we can reduce the
second order differential equation in A into a first order differential equation in u, thus
2ru′ + 4ru2 + 4u+
16
9
r2u3 = 0. (38)
This equation is easily integrated to get two solutions given by
u = A′ = −3
4
(
1
r
+
δ√
(r − 8α)r
)
, (39)
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where α is an arbitrary integration constant and δ = ±1. Integrating once this equation
and assuming the new arbitrary constant of integration to be zero, without any loss of
generality, we obtain
A = −3
4
ln(r)− 3
4
δ ln
[
r − 4α +
√
(r − 8α)r
]
. (40)
When we calculate the limit r → +∞ we get e2A → 0 when δ = +1 and e2A → 2√2
when δ = −1. Thus, since we must have a flat spacetime at this limit, hereinafter, we
assume δ = −1. Besides, we can also notice that for α > 0 the metric function (40)
becomes imaginary for r < 8α. Thus, we assert that this solution could be used as the
exterior vacuum solution of a static system, where r > rΣ = 8α and rΣ would be the
radius of the static system. In this way we can eliminate the pathological imaginary
part of the interior spacetime that has no physical meaning. The case α = 0 gives us a
flat spacetime since A = 3
4
ln(2) and B = 0. Thus, we will assume, hereinafter, α ≤ 0.
Substituting this equation into (19) and (20) we get
χaχa = −r− 32
(
r − 4α+
√
(r − 8α)r
) 3
2
= 0, (41)
χaua = r
− 3
4
(
r − 4α +
√
(r − 8α)r
) 3
4
= 0. (42)
We can see easily again these equations do not have any root with α ≤ 0, hence,
there exists no horizon, neither Killing nor universal horizon. Thus, we have naked
singularities, even for the flat solution with α = 0.
We can now obtain A′′ just differentiating equation (39). Thus,
A′′ =
3
4
[
(r − 4α)r + (8α− r)√(r − 8α)r][
r2(8α− r)√(r − 8α)r] . (43)
With the analytical solution A′ we can get B from equation (34) giving
B = − 1
2
ln(2) +
1
2
ln
(√
r
r − 8α +
r
r − 8α
)
. (44)
We can also obtain A′′ and B′ analytically. When we calculate the limit r → +∞
we get e2B → 1. We obtain B′ just differentiating equation (44), that is,
B′ =
2α
[
r − 8α + 2√(r − 8α)r]
r(8α− r)
[
r − 8α+√(r − 8α)r] . (45)
In order to check if the analytical equations for A′, B, A′′ and B′, we substitute them
into the field equations (21)-(23) and we show that they are identically satisfied. Thus,
we can get analytically the metric components grr = e
2B, gtt = e
2A and the Kretschmann
scalar using equation (25). The Kretschmann scalar obtained is
K =
768α2
√
r − 8α
[
2r(r − 8α)2 + (384α2 − 104rα+ 7r2)√(r − 8α)r][
r11/2
(
r − 8α+√(r − 8α)r)4] .(46)
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From the Kretschmann scalar, we can get the singularities which are at
rsing1 = 0,
rsing2 = 8α. (47)
Since the radial coordinate is always positive, the second singularity does not exist, since
α ≤ 0. So, the singularity at rsing1 is physical and
lim
r→r−
sing1
K = +∞,
(48)
lim
r→r+
sing1
K = −∞, (49)
which is independent of α. And, even for α = 0 static solution there exists a naked
singularity at r = rsing1.
In order to compare this result with the Schwarzschild spacetime, we will assume
here, for the sake of simplicity, α = −1. From the Schwarzschild we have
ASch =
1
2
ln
(
1− 2M
r
)
,
(50)
BSch = −1
2
ln
(
1− 2M
r
)
, (51)
where M is the mass of the particle. Substituting these metric functions into the
equation (25) we have the well known Kretschmann scalar for the Schwarzschild metric
KSch =
48M2
r6
. (52)
From equations (40) and (44) we get A and B for α = −1. From this equation we
can get grr = e
2B and gtt = e
2B analytically.
A = − 3
4
ln(r) +
3
4
ln
[
r + 4 +
√
(r + 8)r
]
,
(53)
B = − 1
2
ln(2) +
1
2
ln
(√
r
r + 8
+
r
r + 8
)
. (54)
The Kretschmann scalar is obtained from equation (46) K for α = −1, thus
K =
768
√
r + 8
[
2r(r + 8)2 + (384 + 104r + 7r2)
√
(r + 8)r
]
[
r11/2
(
r + 8 +
√
(r + 8)r
)4] . (55)
In the Figures 1-3 we show the comparison of the present work quantities grr, gtt
and K with the Schwarzschild metric ones.
Spherically Symmetric Analytic Solutions and Naked Singularities in Einstein-Aether Theory9
Figure 1: Plot of the metric component grr, for EA parameters c14 = 16/9, α = −1
and an arbitrary Schwarzschild mass M = 4. Calculating the limit r → +∞ we obtain
grr = e
2B → 1. Calculating the limit r → rsing1 = 0 we obtain grr = e2B → 0.
Figure 2: Plot of the metric component gtt, for EA parameters c14 = 16/9, α = −1
and an arbitrary Schwarzschild mass M = 4. Calculating the limit r → +∞ we obtain
gtt = e
2A → 2√2.
4.3. Solution for c14 = 48/25
Solving the equation (32) we can obtain an analytical solution for A′ for another
particular case c14 = 48/25. Making a transformation u(r) = A
′ we can reduce the
second order differential equation in A into a first order differential equation in u, thus
2ru′ + 4ru2 + 4u+
48
25
r2u3 = 0. (56)
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Figure 3: Plot of the Kretschmann scalar, for EA parameters c14 = 16/9, α = −1 and
an arbitrary Schwarzschild mass M = 4. Calculating the limit r → +∞ we obtain
K → 0. Calculating the limit from left r → rsing1 = 0 we get K → −∞. Calculating
the limit from right r → rsing1 = 0 we get K → +∞.
This equation is easily integrated giving
u = A′ = − 5 . 2
1
3
12r(−2r + 27γ)
[
r
(
1− 3
√
3
√
γ
−2r + 27γ
)
(−2r + 27γ)2
] 1
3
+
5 . 2
2
3
12
[
r
(
1− 3
√
3
√
γ
−2r + 27γ
)
(−2r + 27γ)2
]− 1
3
− 5
6r
, (57)
where γ is an arbitrary integration constant. Substituting equation (57) into (34) we
can calculate the limit r → +∞ we get e2B → 1 only when γ < 0. Thus, since we must
have a flat spacetime at this limit, hereinafter, we assume γ = −|γ|. Thus,
u = A′ =
5
6
{
−r−1 + (2r)− 23 (2r + 27|γ|)− 12
(√
2r + 27|γ| −
√
27|γ|
) 1
3
+(2r)−
1
3 (2r + 27|γ|)− 12
(√
2r + 27|γ| −
√
27|γ|
)− 1
3
}
. (58)
Substituting equation (58) into (34) we get
B = −1
3
ln(2)− 1
2
ln(3) +
1
2
ln
[
2
5
3 r (2r + 27|γ|)−1
+ 2r
4
3 (2r + 27|γ|)−1
(√
27|γ| −
√
2r + 27|γ|
)− 2
3
− 2 13 r 23 (2r + 27|γ|)− 12
(√
27|γ| −
√
2r + 27|γ|
)− 1
3
+ 2
1
3 r
2
3 (2r + 27|γ|)−1
(√
27|γ| −
√
2r + 27|γ|
) 2
3
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−r 13 (2r + 27|γ|)− 12
(√
27|γ| −
√
2r + 27|γ|
) 1
3
]
. (59)
Since equation (58) is not integrable in order to obtain A directly, we can expand
A′ in a series of power of r and after integrate the series term by term. Thus, we have
A′ ≈ 5
6
[
−r−1 + 1
3|2γ| 13 r
− 2
3 +
1
32|2γ| 23 r
− 1
3 − 5
35|2γ| 43 r
1
3 − 7
36|2γ| 53 r
2
3+
4 · 11
39|2γ| 73 r
4
3 +
5 · 13
310|2γ| 83 r
5
3 − 7 · 11 · 17
314|2γ| 103 r
7
3 − 8 · 13 · 19
315|2γ| 113 r
8
3 +O
(
r
10
3
)]
,
(60)
and
A ≈ 5
6
[
− ln(r) + 1|2γ| 13 r
1
3 +
1
6|2γ| 23 r
2
3 − 5
4 · 34|2γ| 43 r
4
3 − 7
5 · 35|2γ| 53 r
5
3
+
4 · 11
7 · 38|2γ| 73 r
7
3 +
5 · 13
8 · 39|2γ| 83 r
8
3 − 7 · 11 · 17
10 · 313|2γ| 103 r
10
3 −O
(
r
11
3
)]
. (61)
Substituting only the three first terms of this equation into (19) and (20) we get
χaχa ≈ −r− 53 e
5
3
[
1
|2γ|
1
3
r
1
3+ 1
6|2γ|
2
3
r
2
3−O
(
r
4
3
)]
= 0, (62)
χaua ≈ r− 56 e
5
6
[
1
|2γ|
1
3
r
1
3+ 1
6|2γ|
2
3
r
2
3−O
(
r
4
3
)]
= 0. (63)
We can easily see that these equations do not have any root, hence, there exists no
horizon, neither Killing nor universal. Thus, we have naked singularities.
Substituting the series of power for A′, A′′, B e B′, instead of the analytical solution,
into the field equations (21)-(23), we can estimate the error introduced by the series,
|γ| = 1. Hence, we can show that (22) satisfies identically. However, the equations (21)
and (23) show an error ǫ that depends on the coordinate r, the bigger is r the bigger is
ǫ. For example, for r = 5 we have ǫ ≈ 10−5 for both equations while for r = 27/2 we
get ǫ ≈ 0.11 for equation (23) ǫ ≈ 2.82 for equation (21). In the neighborhood of the
origin r = 1/1000 we have the biggest errors with ǫ ≈ 105, for both (21) and (23).
We obtain B′ just differentiating equation (44). In order to check the consistency
of A′, B, A′′ and B′, we substitute them into the field equations (21)-(23) and show
that they are identically satisfied. Now, we can get analytically the metric components
grr = e
2B, gtt = e
2A and the Kretschmann scalar using equation (25). The Kretschmann
scalar is calculated but not shown because it is too long. From the Kretschmann scalar
we can get the singularity which are given by
rsing1 = 0. (64)
In order to compare this result with the Schwarzschild spacetime, we use the
equations (51) and (52). For the sake of simplicity we assume also |γ| = 1. The
Kretschmann scalar is obtained from equation (25) analytically. In the Figures 4-6 we
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show the comparison of the present work quantities grr, gtt andK with the Schwarzschild
metric ones.
Figure 4: Plot of the metric component grr, for EA parameters c14 = 48/25, |γ| = 1 and
an arbitrary Schwarzschild mass M = 27/4. Calculating the limit r → +∞ we obtain
grr = e
2B → 1. Calculating the limit r → rsing1 = 0 we obtain grr = e2B → 0.
Figure 5: Plot of the metric component gtt, for EA parameters c14 = 48/25, |γ| = 1 and
an arbitrary Schwarzschild mass M = 27/4. Calculating the limit r → 27/2, instead
of +∞ since the bigger is r the bigger is the error ǫ, we obtain gtt = e2A →≈ 0.5430.
Calculating the limit from left r → rsing1 = 0 we obtain gtt = e2A → +∞.
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Figure 6: Plot of the Kretschmann scalar, for EA parameters c14 = 48/25, |γ| = 1 and
an arbitrary Schwarzschild mass M = 27/2. Calculating the limit r → +∞ we obtain
K → 0. Calculating the limit from left r → rsing1 = 0 we obtain K → −∞. Calculating
the limit from right r → rsing1 = 0 we obtain K → +∞.
4.4. Solution for c14 < 0
Taking c14 < 0 implies that the coupling constant of EA theory is stronger than
the Newtonian gravitational constant G. Although this possibility is ruled out by
experimental data [42], we include this case just for the sake of completeness. Solving
the equation (32) we can obtain an analytical solution for A′ for another particular
case c14 = −16. Making a transformation u(r) = A′ we can reduce the second order
differential equation in A into a first order differential equation in u, thus
2ru′ + 4ru2 + 4u− 16r2u3 = 0. (65)
This equation is easily integrated giving
u = A′ =
2
1
3 |κ|
[
2
1
3
(
1 + r
√
r
32|κ|3+r3
)
(32|κ|3 + r3)2
] 2
3
+ 128|κ|4 + 4|κ|r3
2r (32|κ|3 + r3)
[(
1 + r
√
r
32|κ|3+r3
)
(32|κ|3 + r3)2
] 1
3
,
(66)
where κ is an arbitrary integration constant. The solution with κ > 0 give us an
imaginary solution, thus it will not be considered here. The solution with κ < 0 is
gives us real solution. Substituting equation (66) into (34) we can calculate the limit
r → +∞ we get e2B → 1 only when κ < 0. Thus, we have a flat spacetime at this limit.
Thus,
B =
1
3
ln(2) +
1
2
ln
{
r
{
2048
√
r
32|κ|3 + r3 )|κ|
7−
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128 . 2
2
3 |κ|5
[(
1 + r
√
r
32|κ|3 + r3
)
(32|κ|3 + r3)2
] 1
3
√
r
32|κ|3 + r3+
128 |κ|4r3
√
r
32|κ|3 + r3 ) + 64 |κ|
4r2−
4 . 2
2
3 |κ|2 r3
[(
1 + r
√
r
32|κ|3 + r3
)
(32|κ|3 + r3)2
] 1
3
√
r
32|κ|3 + r3+
2|κ| r6
√
r
32|κ|3 + r3 ) + 2|κ|r
5+
2
1
3 r2
[(
1 + r
√
r
32|κ|3 + r3
)
(32|κ|3 + r3)2
] 2
3
}
×
[(
4|κ|+ 2 13 r
)(
16|κ|2 − 42 13 |κ|r + 2 23 r2
)
×
[(
1 + r
√
r
32|κ|3 + r3
)
(32|κ|3 + r3)2
] 2
3
]−1
 . (67)
Since equation (66) is not integrable in order to obtain A directly, we can expand A′ in
a series of power of r and after integrate the series term by term. Thus, we have
A′ ≈ 1
2r
− 1
144 |κ|3 r
2 +
5
31104 |κ|6 r
5 − 7
1679616 |κ|9 r
8 +
55
483729408 |κ|12 r
11 − 1001
313456656384 |κ|15 r
14 +O
(
r
31
2
)
, (68)
A ≈ 1
2
ln(r)− 1
432 |κ|3r
3 +
5
186624 |κ|6 r
6 − 7
15116544 |κ|9 r
9 +
55
5804752896 |κ|12 r
12 − 1001
4701849845760 |κ|15 r
15 +O
(
r
33
2
)
. (69)
Substituting the series of power for A′, A′′, B e B′, instead of the analytical solution,
into the field equations (21)-(23), we can estimate the error introduced by the series,
|κ| = 1. Thus, the equations (21), (22) and (23) show an error ǫ that depends on
the coordinate r, the bigger is r the bigger is ǫ. For example, for r = 1/10 we have
ǫ ≈ 10−12, ǫ ≈ 10−7 and ǫ ≈ 10−8 for these equations. respectively, and for r = 321/3 we
get ǫ ≈ −0.35, ǫ ≈ 0.70 and ǫ ≈ −28.06, respectively. Substituting only the three first
terms of this equation into (19) and (20) we get
χaχa ≈ −re
[
− 1
216|κ|3
r3+ 5
93312|κ|6
r6−O(r8)
]
=0
, (70)
χaua ≈
√
re
[
− 1
432|κ|3
r3+ 5
186624|κ|6
r6−O(r8)
]
= 0. (71)
We can easily see that these equations do not have any root, hence, there exists no
horizon, neither Killing nor universal. Thus, we have naked singularities. In the Figures
7-9 we show the comparison of the present work quantities grr, gtt and K with the
Schwarzschild metric ones.
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Figure 7: Plot of the metric component grr, for EA parameters c14 = −16, |κ| = 1 and
an arbitrary Schwarzschild mass M = 32
1
3/2. Calculating the limit r → +∞ we obtain
grr = e
2B → 1. Calculating the limit r → rsing1 = 0 we obtain grr = e2B → 0.
Figure 8: Plot of the metric component gtt, for EA parameters c14 = −16, |κ| = 1 and
an arbitrary Schwarzschild In the Figures 4-6 we show the comparison of the present
work quantities grr, gtt and K with the Schwarzschild metric ones.mass M = 32
1
3/2.
Calculating the limit r → 32 13 , instead of +∞ since the bigger is r the bigger is the
error ǫ, we obtain gtt = e
2A →≈ 2.8213. Calculating the limit from right r → rsing1 = 0
we obtain gtt = e
2A → 0.
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Figure 9: Plot of the Kretschmann scalar, for EA parameters c14 = −16, |κ| = 1 and
an arbitrary Schwarzschild mass M = 32
1
3/2. Calculating the limit r → +∞ we obtain
K → +∞. Calculating the limit from left r → rsing1 = 0 we obtain K → +∞.
5. Solutions for c14 = 2
Taking c14 = 2 implies that the coupling constant of EA theory vanishes. This matterless
case may not be of any physical interest, nevertheless we analyze this for the sake of
completeness. Substituting this condition into field equations (21)-(23), we get
2r2A′′ − 2r2A′B′ + r2A′2 + 4rA′ − 2rB′ − e2B + 1 = 0, (72)
r2A′2 + 2rA′ − e2B + 1 = 0, (73)
rA′′ − rA′B′ + A′ − B′ = 0. (74)
Equations (73) and (74) can be combined to get (72). In fact, we can directly read off
the solution (73) which gives,
B = ln [±(1 + rA′)] , (75)
where A is an arbitrary function of the r. Below, we show an example where we consider
the metric function gtt to be the same as the one in Schwarzschild solution. That is,
A =
1
2
ln
(
1− 2M
r
)
, (76)
obtaining from (75)
B =
1
2
ln
[
(M − r)2
(2M − r)2
]
, (77)
where M is a constant.
Substituting these equations into (19) and (20) we get
χaχa = −1 + 2M
r
= 0, (78)
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thus, the Killing horizon is at rKH = 2M, and
χaua =
√
1− 2M
r
= 0, (79)
so, the universal horizon is also at rUH = 2M. The Killing and the universal horizons
coincide as in GR.
The metric for this case is given by
ds2 = −
(
1− 2M
r
)
dt2 +
(M − r)2
(2M − r)2dr
2 + r2dθ2 + r2 sin2 θdφ2, (80)
while the Kretschmann scalar is given by
K =
4M2
r4(M − r)6
(
26M4 − 90rM3 + 119M2r2 − 64r3M + 12r4) , (81)
and their limits are
lim
r→M
K = +∞, (82)
lim
r→0
K = +∞. (83)
This spacetime is Minkowski at the infinity
lim
r→+∞
K = 0. (84)
6. Solutions for c14 = 0
Taking c14 = 0 implies that the coupling constant of EA theory is the same as the
Newtonian gravitational constant G. Substituting c14 = 0 into the field equations (21)-
(23), we get
2rB′ + e2B − 1 = 0, (85)
2rA′ − e2B + 1 = 0, (86)
rA′′ − rA′B′ + rA′2 + A′ −B′ = 0. (87)
From the above, we have the solution
A =
1
2
ln
(
2− 2ν
r
)
, (88)
and
B = −1
2
ln
(
1− ν
µr
)
. (89)
where µ and ν are some constants of integration which can be chosen appropriately.
With this solution for A and B, we can cast the metric (14) in the Schwarzschild form,
that is,
ds2 = −2
(
µ− ν
r
)
dt2 + µ
(
µ− ν
r
)−1
dr2 + r2dθ2 + r2 sin2 θdφ2, (90)
which yields the standard Schwarzschild metric of GR when µ = 1/2 and ν = M .
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Substituting A and B equations into (19) and (20) we get
χaχa = −1 + 2M
r
= 0, (91)
which means the Killing horizon is at rKH = 2M, and
χaua =
√
1− 2M
r
= 0, (92)
implies the universal horizon is at rUH = 2M. We can see again that the Killing and
the universal horizons coincide just as in GR.
7. Conclusions
In the present work, we have analyzed all the possible exterior vacuum solutions with
spherical symmetry allowed by the EA theory with static aether. We show that there
are four classes of explicit analytic solutions corresponding to different values for c14,
which are: 0 < c14 < 2, c14 < 0, c14 = 2 and c14 = 0. Our results are summarized below.
(i) For 0 < c14 < 2 we present analytical solutions for c14 = 3/2, c14 = 16/9 and c14 =
48/25. The c14 = 3/2 solution is excluded because the spacetime becomes imaginary
at a finite radius. The other two analytical solutions (c14 = 16/9 and 48/25) have
singularities at r = 0, and are asymptotically flat spacetimes as in the case of
Schwarzschild metric in GR. These solutions have no horizons, neither Killing nor
universal. Thus we have naked singularities, even for a flat solution with c14 = 16/9
and α = 0.
(ii) For c14 < 0, we have a naked singularity at the origin and the spacetime is
asymptotically flat.
(iii) For c14 = 2 we have a family of new static solutions with an arbitrary function
of the coordinate r. As a consequence of c14 = 2 the EA coupling constant is
zero, means that there is no coupling with the matter, which does not pose any
problem to vacuum solutions. However, the difficulty arises when matching the
exterior vacuum with some interior source, since the EA parameter should be the
same in the whole spacetime (interior and exterior). This is hitherto unnoticed in
the literature. When A(r) is chosen to be the same as in the Schwarzschild case,
the solution for c14 = 2 has two physical singularities, one at a finite radius r =M
besides the usual at the origin r = 0. This characteristic is completely different
from the Schwarzschild spacetime in GR. Both Killing and universal horizons in
this case coincide with event horizon of the Schwarzschild spacetime in GR, i.e.,
r = 2M .
(iv) For c14 = 0 we have the Schwarzschild spacetime, which also picks Newtonian
gravitational constant as coupling. As expected, the Killing horizon coincides with
the universal horizon and is the same as the event horizon of the Schwarzschild
spacetime in GR.
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In the 2006 paper, Eling and Jacobson [8] analyzed the behavior of the static aether
solutions for 0 ≤ c14 < 2. They asserted that regular black holes cannot have static
aether fields since the Killing vector is null, not timelike on the horizon as always is
the case with static aether. What we have showed here is the corollary, meaning the
static aether leads to naked singularities thus circumventing the need for switching from
timelike vector to null vector at the horizon by totally avoiding the existence of the
horizon itself.
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